In this paper, we prove that for any given n 2, there exists a constant C (n) such that for any prime power q > C (n), there exists a primitive normal polynomial of degree n over F q with the last n 2 coefficients prescribed, where the last coefficient is a primitive element. Furthermore, the number of prescribed coefficients increases from 
Introduction
Let F q n be a finite degree extension over finite field F q with q = p k elements where p is a prime number and k a positive integer. It is known that every generator of F * q n = F q n \ {0}, which is a mul- 
n σ n . For 1 i n, we call σ i the ith coefficient of f (x). Especially, σ 1 and σ n are called the trace and norm of f (x) respectively.
Because of the many applications such as fast Fourier transformation, coding theory and cryptography for doing computations efficiently in finite fields, primitive normal elements and primitive normal polynomials over finite fields were widely discussed [1] [2] [3] [7] [8] [9] 12] . In 1987, Lenstra and Schoof [9] proved that there exists a primitive normal basis of F q n over F q for every prime power q and every positive integer n, which we call primitive normal basis theorem.
Several papers discussed the existence of a primitive normal polynomial with specified trace and norm [1] [2] [3] . By using the p-adic method, Fan et al. [8] in 2007 proved the existence of a primitive normal polynomial of degree n with the first two coefficients σ 1 , σ 2 prescribed for n 7. In another paper [7] , they got a general result:
Known result 1. For any given positive integer n 2, there exists a constant C (n) such that for any prime power q > C (n), there exists a primitive normal polynomial over F q of degree n with the first It is natural to ask the following question: Question 1. For any given positive integer n 2, whether there exists a primitive normal polynomial over F q of degree n with the last n 2 coefficients prescribed?
As for the case of primitive polynomial, the existence of a primitive polynomial with the last n 2 coefficients prescribed can be deduced from the existence of a primitive polynomial with the first n 2 − 1 coefficients and the norm prescribed since the reciprocal polynomial of a primitive polynomial is also a primitive polynomial. But this method cannot be used to the case of primitive normal polynomial since the reciprocal polynomial of a primitive normal polynomial may be not a primitive normal polynomial.
In this paper, we investigate Question 1 and get the following asymptotic main result.
Main result. For any given n 2, there exists a constant C (n) such that for any prime power q > C (n),
there exists a primitive normal polynomial of degree n over F q with the last n 2 coefficients prescribed, where the last coefficient is a primitive element. Furthermore, the number of prescribed coefficients increases from The outline of this paper is similar to reference [7] with the following two different treatments. First, we use the p-adic method as in [7] to translate the existence of a primitive normal polynomial with the last m coefficients prescribed to the existence of a primitive normal element solution of some system of equations consisting of some trace equations with variable x −1 , while the corresponding system of equations in [7] consists of some trace equations with variable x. Then with the help of the estimates of character sums over Galois rings and some delicate and effective computing techniques we finally get the above main result. We use the hybrid extended kloostermann sums in this paper instead of the hybrid weil sums in [7] . Furthermore, the estimates are slightly more complicated than those in [7] and the results are better than those in [7] in some special cases.
Since the outline of this paper is similar to [7] , we will focus on the different parts. The more details can be referenced to [7] .
Problem reduction: The p-adic method and the use of variable x −1
We first assume the readers are familiar with the p-adic number fields and Galois rings. Let e, k, n 1 be positive integers, Galois rings R e,k be the unramified extension of Z p e of degree k and Γ k be the set of the Teichmüller points of R e,k , Γ * k = Γ k \{0}. Denote Tr(·) the trace map from R e,nk to R e,k and Norm(·) the norm map from Γ nk to Γ k . Denote φ the canonical projective map from R e,k to Γ k . For more details see [7] or [11] .
In this section, we will translate the existence of a primitive normal polynomial of degree n over F q with the last m coefficients prescribed to the existence of a primitive normal element solution of some system of equations, which consists of some trace equations with variable x −1 and one norm equation with variable x over suitable Galois rings.
For the primitive polynomial case, since the reciprocal polynomial of a primitive polynomial is also a primitive polynomial, the existence of a primitive polynomial with the last m coefficients prescribed can be deduced by the existence of a primitive polynomial with the first m − 1 coefficients and the norm prescribed. But as we know, the reciprocal polynomial of a primitive normal polynomial may not be a primitive normal polynomial, for example, the first coefficient of a primitive normal polynomial σ 1 = 0, but the first coefficient of its reciprocal polynomial can be zero, i.e., σ n−1 can be zero. So we cannot handle the primitive normal polynomial case the same as what we did in the primitive polynomial case.
We next give the idea of our solution by a lemma. 
n b be a primitive polynomial satisfying the above conditions. Consider its reciprocal polynomial runs across the set of primitive elements when b runs across the set of primitive elements of F * q . This finishes the proof. 2
We will next reformulate Lemma 1 by the existence of a primitive normal element solution of some system of equations, which consist of some trace equations of x −1 and one norm equation of x over suitable Galois rings. Similar to [7] , we use the p-adic method introduced by the author and Professor Han [6] to finish the reduction step.
As we know, for any irreducible (primitive, primitive normal) polynomial f (x) of degree n over F q , f (x) can be uniquely hensel lifted to a polynomial f , which we call lifted irreducible (primitive, primitive normal) polynomial over R e,k . For more details see [6] or [7] . Since the lifted primitive normal polynomials of degree n over R e,k are one-to-one correspondence to the primitive normal polynomials of degree n over F q , we only need to investigate the existence of a lifted primitive normal polynomial of degree n over R e,k with the canonical projective map of the last m coefficients prescribed.
We first give a lemma. Then we have 
−t = d t = d t,0 + pd t,1 + · · · + p e(t)−1 d t,e(t)−1 mod p e(t) , for 1 t m, (t, p) = 1;
Norm(x) = b. 
Estimates
In this section, we will estimate the number of primitive normal element solutions of Eqs.
(1), which we denote by N m ((d t ), b) . Unlike the estimates in [7] , we use the hybrid extended kloostermann sums in this paper instead of the hybrid weil sums over Galois rings. Furthermore, the estimates are slightly more complicated than those in [7] and the results are better than those in [7] in some special cases.
Let ψ e,k , ψ e,nk be the canonical additive character of R e,k and R e,nk , χ , χ n be a multiplicative character of Γ k and Γ nk respectively. DenoteR e,k the set of all the additive characters of R e,k and Γ * k the set of all the multiplicative characters of Γ k .
Estimates of character sums over Galois rings
We first give some estimates of character sums over Galois rings for our later use. When e = 1, it is just the estimates of character sums over finite fields. We first give a definition.
Let h(x) be a polynomial over R e,nk with h(0) = 0 and h(x) not identically 0. Let
be the p-adic expansion of h(x) and 
Characteristic functions
In fact, Theorem 3 cares about the existence of ω ∈ Γ nk satisfying the following four conditions.
Tr(ω
3. ω is a primitive element; 4. ω is a normal element.
We next give the characteristic functions of the above four conditions respectively. It is similar to those in [7] so we will omit the details and only present the results for later use.
Let e be the largest integer such that p e−1 m. Denote 
0 otherwise.
The order of ω, denoted by ord(ω), is defined to be the smallest integer such that ω The following lemma from [7] gives a characteristic function of a normal element. has R e,k -order D. For more details see [7] .
Number of primitive normal element solutions
In this subsection we will estimate the number of primitive normal element solutions of Eqs. (1) . The techniques used in this paper are slightly more complicated than those in [7] and the results are better than those in [7] in some special cases.
Let Q be the largest integer such that Q |q n − 1 and gcd(Q , q − 1) = 1. We call Q the (q − 1)-free part of q n − 1. The following two lemmas have been proved in [4] . The proof is quite simple and the readers can refer to [4] or prove by themselves. Θ d,D ((0), b) and Θ d,D ((d t ) =0 , b) be defined as above. Suppose that (d, D) = (1, 1) . Then 1. Suppose h(x) = 0, i.e., 0 = c t ∈ R l,k for all t ∈ S l and l = 1, 2, . . . , e. Then similarly as the estimates in [7] we can easily check Θ 1,1 (0), χ 0 = q n − 1.
1.
And if χ = χ 0 ,
And if (d, D) = (1, 1),
2. Suppose h(x) = 0. Let T = 
